Abstract. We introduce the notion of homotopically discrete nfold category as a n-fold generalization of a groupoid with no nontrivial loops. We give two equivalent descriptions of this structure: in terms of a Segal-type model and in terms of iterated internal equivalence relations. We also show that homotopically discrete n-fold categories form a n-fold categorical model of 0-types.
Introduction
A 0-type is a topological space whose homotopy groups are zero in dimension greater than 0. The category of sets is a model of 0-types: to a 0-type we associate the set of its path components. Simplicial sets are well known combinatorial models of spaces [9] . In terms of simplicial sets, a 0-type is a simplicial set which is weakly homotopy equivalent to a constant simplicial set: in other words, it is homotopically discrete.
In this paper we investigate the notion of homotopically discrete structure in the realm of higher category theory. In the category Cat of categories and functors, the notion of homotopically discrete is known: A category equivalent to a discrete one amounts to a groupoid with no non-trivial loops, also called an equivalence relation.
The extension of this notion to higher categories is less straightforward: our interest in developing this extension stems from author's development of weak globularity as a new paradigm to weaken higher categorical structures.
In the classical approach to weak n-categories, we have sets of cells in dimensions 0 up to n. These cells have compositions which are either associative and unital, as in a strict n-category, or they are associative an unital up to coherent isomorphisms. Making this idea precise lead to several different models of higher category. These models use different types of combinatorics, including multi-simplicial sets as in Tamsamani and Simpson [15] , [16] , (higher) operads as in Batanin [2] , Leinster [7] and Trimble [5] , opetopes as in [1] [6] , and several others.
The idea of the weakly globular approach to higher categories if that the discrete structures of the higher cells are replaced by homotopically 1 discrete structures, suitably defined. This represents a new way of weakening a higher categorical structure, leading to new models of weak higher categories suitably equivalent to the classical ones. These new models, which are based on iterated internal categories, have features useful in applications as well as further theoretical developments within higher category theory.
This approach was successfully implemented by the author in the higher groupoidal case. For the modeling of connected (n + 1)-types the author introduced weakly globular cat n -groups [10] ; the latter were shown in [10] to be suitable models of (n + 1)-types which are easier to work with than general cat n -groups [8] ; further, they are suitably equivalent to the Tamsamani-Simpson model of higher groupoids [10] . The homotopically discrete sub-structures replacing the sets of higher cells in a weakly globular cat n -group were called in [10] 'strongly contractible cat n -groups'. In [3] Blanc and the author developed the notion of weak globularity to model general n-types, via weakly globular n-fold groupoids. The sets of higher cells were replaced there by 'homotopically discrete n-fold groupoids' (see [3] for details).
Outside the groupoidal case, for n = 2, weakly globular double categories were developed in joint work by the author [14] , giving a model of weak 2-categories suitably equivalent to bicategories. In a weakly globular double categoy the set of 0-cells is replaced by a homotopically discrete category (that is, an equivalence relation).
The extension of this program to n > 2 via the notion of weakly globular n-fold category needs a suitable model of homotopically discrete objects, which we call homotopically discrete n-fold categories. In this paper we define the latter and establish its main properties, while their use in the definition of weakly globular n-fold categories will be given in subsequent work [11] , [12] , [13] .
Homotopically discrete n-fold categories are more general than the homotopically discrete n-fold groupoids of [3] . In particular, they are n-fold categories but not in general n-fold groupoids since only some but not all of the n different simplicial directions in the structure are required to be groupoidal. This added generality makes them more suitable to construct the notion of weakly globular n-fold category.
In this work we present two equivalent descriptions of homotopically discrete n-fold categories: one is a multi-simplicial description in the spirit of the Segal-type models of [3] , built inductively on dimension. The second description is more conceptual and uses an iteration of the notion of internal equivalence relation. We establish in Theorem 4.4 that these two descriptions are equivalent.
The formal definition of the category Cat n hd of homotopically discrete n-fold categories is given by induction on dimension (see Definition 3.1) and in particular a homotopically discrete n-fold category is a simplicial object in homotopically discrete (n − 1)-fold categories. By iterating the nerve construction one obtains the functor
We show in Lemma 3.7 that if X ∈ Cat n hd , J n X is levelwise an equivalence relation.
An equivalence relation is categorically equivalent to a discrete category. Similarly one expects a homotopically discrete n-fold category to be equivalent to a discrete structure in a higher categorical sense. This is indeed the case. We define n-equivalences between homotopically discrete n-fold categories (Definition 3.4): these are a higher dimensional generalization of a functor which is fully faithful and essentially surjective on objects.
There is a simple characterization of n-equivalences of two homotopically discrete n-fold categories in terms of isomorphisms of the equivalent discrete structures (see Lemma 3.8) .
Using this characterization we show that every homotopically discrete n-fold category X is n-equivalent to a discrete n-fold category
We also show that certain maps called induced Segal maps for a homotopically discrete n-fold category are (n − 1)-equivalences (see Proposition 3.11) . Together with its definition, this makes homotopically discrete n-fold categories a Segaltype model in the sense of [3] .
In the last part of Section 3 we show that homotopically discrete n-fold categories can be described by iterating the notion of internal equivalence relation A[f ] corresponding to a morphism f : A → B in a category C with finite limits (see Definition 4.1). When C = Set and f is surjective, this is the usual notion of equivalence relation. We define the category EqRel n of n-equivalence relations and we show in Theorem 4.4 that it is isomorphic to the category Cat n hd .
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Preliminaries
In this section we review some basic simplicial techniques that we will use throughout the paper. The material in this section is well-known, see for instance [4] , [9] . 2.1. Simplicial objects. Let ∆ be the simplicial category and let ∆ n op denote the product of n copies of ∆ op . Given a category C, [∆ n op , C] is called the category of n-simplicial objects in C (simplicial objects in C when n = 1).
. . , k n ), as well as X k 1 ,...,kn and X k .
Every n-simplicial object in C can be regarded as a simplicial object in [∆ n−1 op , C] in n possible ways. For each 1 ≤ i ≤ n there is an isomorphism
given by
Definition 2.2. Let F : C → D be a functor, I a small category. Denote
the functor given by
for all i ∈ I.
, C] be a simplicial object in any category C with pullbacks. For each 1 ≤ j ≤ k and k ≥ 2, let ν j : X k → X 1 be induced by the map [1] → [k] in ∆ sending 0 to j − 1 and 1 to j. Then the following diagram commutes:
· · ·× X 0 X 1 denotes the limit of the lower part of the diagram (1), the k-th Segal map for X is the unique map
such that pr j µ k = ν j where pr j is the j th projection.
and suppose that there is a map in
exists; denote the latter by
Then the following diagram commutes, where ν j is as in Definition 2.3,
The k-th induced Segal map for X is the unique map
such that pr jμ k = ν j where pr j is the j th projection.
2.2. n-Fold internal categories. Let C be a category with finite limits. An internal category X in C is a diagram in C
where m, d 0 , d 1 , s satisfy the usual axioms of a category (see for instance [4] for details). An internal functor is a morphism of diagrams like (2) commuting in the obvious way. We denote by Cat C the category of internal categories and internal functors. The category Cat n (C) of n-fold categories in C is defined inductively by iterating n times the internal category construction. That is, Cat 1 (C) = Cat and, for n > 1, Cat
n (Set) is simply denoted by Cat n and called the category of n-fold categories (double categories when n = 2).
Nerve functors.
There is a nerve functor
When no ambiguity arises, we shall sometimes denote (NX) k by X k for all k ≥ 0. The following fact is well known:
Proposition 2.5. A simplicial object in C is the nerve of an internal category in C if and only if all the Segal maps are isomorphisms.
By iterating the nerve construction, we obtain the multinerve functor
Definition 2.6. An internal n-fold category X ∈ Cat n (C) is said to be discrete if N (n) X is a constant functor.
A basic fact about Cat n (C) is that each of its objects can be considered as an internal category in Cat n−1 (C) in n possible ways, corresponding to the n simplicial directions of its multinerve. To see this, we use the following lemma, which is a straightforward consequence of the definitions.
is the multinerve of an n-fold category in C if and only if, for all 1 ≤ r ≤ n and
a) By induction on n. By Proposition 2.5, it is true for n = 1. Suppose it holds for n − 1 and let X ∈ Cat (Cat n−1 (C)) with objects of objects (resp. arrows) X 0 (resp. X 1 ); denote (NX) p = X p . By definition of the multinerve
Hence using the induction hypothesis
. Also, by induction hypothesis
Thus we have the object X ∈ Cat n (C) with objects X 0 , arrows X 1 and X p = X(p, -) as above.
b) By part a), there is an isomorphism for p r ≥ 2
as in Lemma 2.7.
Proof. Consider the object of [∆ op , [∆ n−1 op , C]] taking i to the (n − 1)-simplicial object associating to (p 1 , ..., p n−1 ) the object
By Lemma 2.7 b), the latter is the multinerve of X (k) i ∈ Cat n−1 (C). Further, by Lemma 2.7 a), we have
We now define the inverse for ξ k . Let X ∈ Cat (Cat n−1 (C)), and let
satisfies condition (3), as easily seen. Hence by Lemma 2.7 there is ξ
It is immediate to check that ξ k and ξ ′ k are inverse bijections. Definition 2.9. The nerve functor in the k th direction is defined as the composite
so that, in the above notation,
Notation 2.10. When C = Set we shall denote
Thus J n amounts to taking the nerve construction in all but the last simplicial direction. The functor J n is fully faithful, thus we can identify Cat n with the image J n (Cat n ) of the functor J n . Given X ∈ Cat n , when no ambiguity arises we shall denote, for each (s 1 , . . . , s n−1 ) ∈ ∆ n−1 op X s 1 ,...,s n−1 = (J n X) s 1 ,...,s n−1 ∈ Cat and more generally, if 1 ≤ j ≤ n − 1,
Let ob : Cat C → C be the object of object functor. The left adjoint to ob is the discrete internal category functor d. By Proposition 2.8 we then have
2.4. Some functors on Cat . The connected component functor
associates to a category its set of paths components. This is left adjoint to the discrete category functor
associating to a set X the discrete category on that set. We denote by
Lemma 2.11. q preserves fiber products over discrete objects and sends equivalences of categories to isomorphisms.
Proof. We claim that q preserves products; that is, given categories C and D, there is a bijection 
and so the map is also injective, hence it is a bijection, as claimed.
with E discrete, we have
where C x , D x are the full subcategories of C and D with objects c, d such that f (c) = x = g(d). Since q preserves products and (being left adjoint) coproducts, we conclude by (4) that
Finally, if F : C ≃ D : G is an equivalence of categories, F G C ∼ = C and F G D ∼ = D which implies that qF qG C ∼ = qC and qF qG D ∼ = qD, so qC and qD are isomorphic.
The isomorphism classes of objects functor
associates to a category the set of isomorphism classes of its objects.
Notice that if C is a groupoid, pC = qC.
Lemma 2.12. p preserves pullbacks over discrete objects and sends equivalences of categories to isomorphisms.
Proof. For a category C, let mC be its maximal sub-groupoid. Then
with E discrete,
we have
Since, as easily seen, m commutes with (co)products, and mE = E, we obtain m(C× E D) = mC× E mD; so by Lemma 2.11,
Finally, if F : C ≃ D : G is an equivalence of categories, F GC ∼ = C and F GD ∼ = D which implies that pF pG C ∼ = pC and qF qG D ∼ = qD, so qC and qD are isomorphic.
Homotopically discrete n-fold categories
In this section we give an inductive definition of the category Cat n hd of homotopically discrete n-fold categories and of n-equivalences between them. We then establish the main properties of this structure.
In Lemma 3.7 we show that Cat n hd can be viewed as a diagram of equivalence relations, while in Lemma 3.8 we show that n-equivalences in Cat n hd are detected by isomorphisms of their discretizations. Together with the good behavior of homotopically discrete n-fold categories with respect to pullbacks over discrete objects (Lemma 3.10), this implies that the induced Segal maps in a homotopically discrete n-fold category are (n−1)-equivalences (Proposition 3.11). This makes Cat n hd a Segal-type model in a sense similar to [3] , see also [16] . 3.1. The category of homotopically discrete n-fold categories. For n = 1, Cat 1 hd = Cat hd is the category of equivalence relations that is, groupoids equivalent to discrete ones. Denote by p (1) = p : Cat → Set the isomorphism classes of object functor.
Suppose, inductively, that for each 1 ≤ k ≤ n − 1 we defined Cat k hd ⊂ Cat k such that the following holds:
hd making the following diagram commute:
Note that this implies that (
hd ] whose objects X are such that
In particular this implies that X ∈ Cat (Gpd(Cat n−2 )) = Gpd(Cat n−1 ) and the n th direction in X is groupoidal.
(ii) The functor
hd ] restricts to a functor
Note that this implies that (p (n) X) s 1 ...s n−1 = pX s 1 ...s n−1 for all s 1 , ..., s n−1 ∈ ∆ n−1 op and that the following diagram commutes
Cat n hd
and by γ (n) the composite
Define inductively n-equivalences in Cat n hd . For n = 1, a 1-equivalence is an equivalence of categories. Suppose we defined (n − 1)-equivalences in Cat
Remark 3.5. By definition, the functor p (n) sends n-equivalences to (n − 1)-equivalences. We observe that p (n) commutes with pullbacks over discrete objects. In fact, if X → Z ← Y is a diagram in Cat n hd with Z discrete and X× Z Y ∈ Cat n hd , by Definition 3.1 (
where we used the fact (Lemma 2.12) that p commutes with pullbacks over discrete objects. Since this holds for each s 1 ...s n−1 we conclude that
Example 3.6. Let X ∈ Cat 2 hd ; then p (2) X is the equivalence relation p(X 0 )[γ] where γ : pX 0 → X d , and X has the form
The vertical structure is groupoidal and the horizontal nerve
, Cat ] has in each component an equivalence relation. The horizontal structure is not in general groupoidal; however p (2) Xis an equivalence relation. This means that the horizontal arrows in the double category X have inverses after modding out by the double cells. This structure is a special case of what called in [14] a groupoidal weakly globular double category.
3.2.
Properties of homotopically discrete n-fold categories.
Lemma 3.7. The functor J n :
By induction hypothesis, we deduce that
is a (n − 1)-equivalence. We conclude that f is a n-equivalence.
Remark 3.9. It follows immediately from Lemma 3.8 that n-equivalences in Cat n hd have the 2-out-of-3 property. In particular this implies that if X ∈ Cat n hd the maps
Proof.
a) By induction on n. It is clear for n = 1. Suppose it holds for n − 1 and let X, Y ∈ Cat 
hd . Since p commutes with coproducts, the same holds for p (n) , thus by induction hypothesis
hd . this proves that X Y ∈ Cat n hd . b) By induction on n. It is clear for n = 1; suppose it holds for n − 1. Then for each s ≥ 0, by induction hypothesis
hd . Since p (n) commutes with pullbacks over discrete objects (see Remark 3.5) by the induction hypothesis
hd . This proves that X × Y ∈ Cat such that, for all s ∈ ∆ n−1 op , (N (n−1) f ) s is surjective, where N (n−1) : Cat n−1 → [∆ n−1 op , Set] is the multinerve. We define EqRel n to be the full subcategory of Cat n whose objects have the form X[f ] with f as above.
